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Abstract
The four dimensional O(3) non-linear sigma model introduced by Faddeev and Niemi,
with a Skyrme-like higher order term to stabilise static knot solutions classified by the
Hopf invariant, can be rewritten in terms of the complex two-component CP1 variables.
A further rewriting of these variables in terms of SU(2) curvature free gauge fields is
performed. This leads us to interpret SU(2) pure gauge vacuum configurations, in a
particular maximal abelian gauge, in terms of knots with the Hopf invariant equal to
the winding number of the gauge configuration.
1 Introduction
In this Letter we address some simple results that involve rewriting the Faddeev-Niemi
model [1]. This model has stable static solutions that represent knots. Much work
has been invested in interpreting this model as an effective low-energy representation
of SU(2) gauge theory [2, 3, 4] and investigating the quality of this approximation
by inverse Monte Carlo techniques [5]. This interpretation in part is motivated by
’t Hooft’s notion of abelian projection [6].
The model is defined in terms of a space-time dependent vector ~n(x) of fixed (here
chosen unit) length. To allow for non-trivial static solutions a Skyrme-like higher-
order term is added [7], through the introduction of a composite gauge field strength
Fµν(x) =
1
2
~n(x) · (∂µ~n(x) ∧ ∂ν~n(x)). Note that with ~n(x) a unit three-vector, ∂µ~n(x)
1
is perpendicular to ~n(x), and ∂µ~n(x) ∧ ∂ν~n(x) is proportional to ~n(x). The factor of
proportionality is precisely 2Fµν(x). Thus, one also has F
2
µν(x) =
1
4
(∂µ~n(x)∧ ∂ν~n(x))
2.
The action is given by
S =
∫
d4x
(
m2∂µ~n(x) · ∂
µ~n(x)−
1
2e2
Fµν(x)F
µν(x)
)
. (1)
By rescaling x with (em)−1, e2S becomes independent of both e and m. With this
understood, we will now put e = m = 1. Finite energy requires ~n(~x) to approach
a constant vector at spatial infinity. In this way static configurations are classified
by the topological maps from S3 into S2, characterised by the Hopf invariant. The
two-form F (~x) = ~n(~x) · (d~n(~x) ∧ d~n(~x)) implicitly defines an abelian gauge field one-
form A(~x) through F (~x) = dA(~x), in terms of which the Hopf invariant is given by
Q = 1
4pi2
∫
A(~x) ∧ F (~x). Remarkably, the energy is bounded by a fractional power of
this Hopf invariant [8, 9].
E =
∫
d3x
(
(∂i~n(x))
2 +
1
2
F 2ij(x)
)
≥ c|Q|3/4, (2)
with c = 16π233/8 ∼ 238. This gives a rough bound, which can be improved on [10]
(by roughly a factor 2). Extensive numerical studies [11, 12] have gone up to Q = 8,
with energies indeed following the fractional power of Q.
2 The CP1 formulation
We first discuss the reformulation in terms of CP1 fields, as well-known from two
dimensions [13, 14]. The main advantage is that the abelian gauge field involved in
defining the Hopf invariant, no longer needs to be defined implicitly. To be specific,
one introduces a complex two-component field Ψ(x). The two degrees of freedom
associated to the n field are obtained by identifying any two Ψ’s which differ by an
overall nonvanishing complex scale factor. This is achieved by constraining Ψ to have
unit length, and introducing local abelian gauge invariance, obvious from the following
relation to the n field:
na(x) = Ψ†(x)τaΨ(x), (3)
where τa are the Pauli-matrices. The abelian gauge invariance of the CP1 model leads
to a composite gauge field
Aµ(x) = −iΨ
†(x)∂µΨ(x), (4)
and one verifies by direct computation that indeed F (x) = dA(x). Useful identities for
these computations are the completeness relation δijδkl+τ
a
ijτ
a
kl = 2δilδjk and iεabcτ
b
ijτ
c
kl =
2
τakjδil − τ
a
ilδjk. For the action, Eq. (1), we find the following result
S =
∫
d4x
(
4(DµΨ)
†(x)DµΨ(x)−
1
2
Fµν(x)F
µν(x)
)
, (5)
where Dµ = ∂µ − iAµ(x) is the covariant derivative. Note that Ψ
†(x)DµΨ(x) = 0 and
that the energy density can be written as a square, E =
∫
d3x |(2Di +Bi(~x))Ψ(~x)|
2.
3 The SU(2)/U(1) formulation
The next reformulation makes use of the fact that any two-component complex vector
of unit length is in one to one relation to an SU(2) group element. Alternatively we
can write Ψ(x) = g(x)Ψ0. For convenience we choose Ψ
†
0 = (1, 0), such that
na(x) =
1
2
tr
(
τ3g
†(x)τag(x)
)
. (6)
As we will see, the winding number of g(~x) as a map from R3 to SU(2) is precisely the
Hopf invariant. This observation is in itself not new [11]. But we will push it a little
further here.
We introduce currents Jaµ(x) through Jµ(x) = iτaJ
a
µ(x) = g
†(x)∂µg(x). A simple
calculation shows that
Aµ(x) = J
3
µ(x) and ∂µΨ
†(x)∂µΨ(x) = Jaµ(x)J
µ
a (x). (7)
We can interpret the currents just as well as components of an SU(2) gauge connection,
which is pure gauge, G(x) = dJ(x) + J(x) ∧ J(x) = 0, with J(x) ≡ Jµ(x)dxµ. For
later use we also introduce Ja(x) ≡ Jaµ(x)dxµ. In particular in components, we have
G3µν(x) = ∂µJ
3
ν (x)− ∂νJ
3
µ(x)− 2(J
1
µ(x)J
2
ν (x)− J
1
ν (x)J
2
µ(x)) = 0. It leads to the useful
identity
F (x) = dJ3(x) = 2J1(x) ∧ J2(x) or Fµν(x) = 2(J
1
µ(x)J
2
ν (x)− J
1
ν (x)J
2
µ(x)). (8)
With the help of this relation it is now also easy to show that the Hopf invariant is
exactly equal to the winding number of the gauge function g(~x),
1
4π2
A(~x) ∧ F (~x) =
1
2π2
J3(~x) ∧ J1(~x) ∧ J2(~x) =
1
24π2
tr(g†(~x)dg(~x))3, (9)
which can of course also be related to the non-abelian Chern-Simons form,
1
4π2
A(~x) ∧ F (~x) = −
1
8π2
tr
(
J(~x) ∧ dJ(~x) +
2
3
J(~x) ∧ J(~x) ∧ J(~x)
)
. (10)
3
A similar relation between the Hopf invariant and a non-Abelian Chern-Simons form
was discussed in Ref. [3]. But we wish to argue here that the static solitons of the
Faddeev-Niemi model actually represent classical Yang-Mills vacua in a non-linear
maximally abelian gauge. It is this result that we believe to be new.
First we note that,
(DµΨ)
†(x)DµΨ(x) = ∂µΨ
†(x)∂µΨ(x)−Aµ(x)A
µ(x) = J1µ(x)J
µ
1 (x)+J
2
µ(x)J
µ
2 (x), (11)
which makes the SU(2)/U(1) nature of the action explicit, since both terms in Eq. (5)
can be written in terms of just J1µ(x) and J
2
µ(x). So the energy of a static configuration
is given in terms of the ”charged” components of the non-abelian gauge field only
E =
∫
d3x
(
4
(
J1i (~x)J
1
i (~x) + J
2
i (~x)J
2
i (~x)
)
+ 2
(
J1i (~x)J
2
j (~x)− J
1
j (~x)J
2
i (~x)
)2)
(12)
The first term agrees exactly with the functional that defines the maximal abelian
gauge, by minimising along the gauge orbit, leaving the abelian subgroup generated by
τ3 unfixed [6, 15]. This remains true for the full energy functional, which can thus just
as well be interpreted as the gauge fixing functional for a non-linear maximal abelian
gauge. As the three parametrisations are mathematically equivalent, we are entitled to
interpret the minima of the energy functional in the sector with a given value of Q as
gauge fixed pure gauge (i.e. curvature free, or flat) connections in a sector with gauge
field winding number Q. Therefore, there is a gauge fixing in terms of which the gauge
vacua with different winding number can be characterised by inequivalent knots.
4 Conclusions
In the light of the attempts to relate the Faddeev-Niemi model to full non-abelian
gauge theory, our result is a rather sobering one, even though it also involves an abelian
projection. Within the context of our interpretation, there seems not much need to
address the quantum fluctuations. It should, however, be noted that at the quantum
level the three models are not equivalent, as the path integral measure depends on the
chosen representation. It is the measure that seems to cause some of the problems in
relating the Faddeev-Niemi model to the full SU(2) gauge theory.
We hope this Letter provides inspiration for new ways of viewing the topological
non-trivial nature of non-abelian gauge theories. The relation of pure gauge theory
vacua to knots is also suggestive from the point of view of Chern-Simons theory and
topological field theory. Instantons become knot changing operations, as also suggested
in Ref. [3], and one may even hope the present results can have some mathematical
ramifications [16, 17]. We will leave this to future studies.
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